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Chapter 1

Survey of the Elementary

Principles

1.1 Kinetic Energy and Force

Show that for a single particle with constant mass the equation of motion implies the
following differential equation for the kinetic energy:

while if the mass varies with time the corresponding equation is

ar

> _F.
dt v
dmT)
= F. 0
dt

The kinetic energy (1.14) is given by

Taking the time derivative,

which we recognize from (1.5),

For a time-dependent mass,

From (1.4) and (1.2),




6 CHAPTER 1. SURVEY OF THE ELEMENTARY PRINCIPLES

1.2 Center of Mass

Prove that the magnitude R of the position vector for the center of mass from an
arbitrary origin is given by the equation

1
M?R? = MZmir? -3 Zmimjr?j
i i#j

The vector pointing to the center of mass, (1.21),

Squaring this,
M2R2 = Zmlm]ﬁ . 7:’] (1)
ij

If we want to write this in non-vector notation,

Tij = (Fl - ’Fj])2 (2)
27 T =1} + 1) — 1) (4)

Inserting [Equation 4] into [Equation 1}

1
M2R? = 5% Smamy (rf + 15 = 1)) (5)
J

Since ¢ and j are summing over the same range, the first two terms can combine. Note that we
ignore repeating indices in the last term since 7;; is the distance between 7; and 7.

= MZmirf — % Zmimjrfj (6)
i

i
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1.3 Internal Forces

Suppose a system of two particles is known to obey the equations of motion, Egs.
(1.22) and (1.26). From the equations of the motion of the individual particles show
that the internal forces between particles satisfy both the weak and the strong laws
of action and reaction. The argument may be generalized to a system with arbitrary
number of particles, thus proving the converse of the arguments leading to Egs. (1.22)
and (1.26).

(1.22),
2R
Z v ple
dt?

(1.26),
dl. -
= _ N
dt

Say the two particles are at rest, i.e., no external forces acting on them,
M -0 =mya; + msas (1)

This implies either,
mia; = —Mmaaz

ﬁfe) _ _F‘2(e)



8 CHAPTER 1. SURVEY OF THE ELEMENTARY PRINCIPLES

1.4 Holonomic Constraints

The equations of constraint for the rolling disk, Egs. (1.39), are special cases of general
linear differential equations of constraint of the form

Zgi(xh 7xn)dx7, =0
i=1

A constraint condition of this type is holonomic only if an integrating function
f(z1,...,z,) can be found that turns it into an exact differential. Clearly the function
must be such that

O(fg:) _ 9(fg;)

al’j 8951

for all i # j. Show that no such integrating factor can be found for either of Egs.
(1.39).

(1.39),

dx — asin(f)dgp =0
dy + acos(d)dp =0

Let’s look at the first equation and substitute it into the condition with j = ¢ and i = x,

o(f-1) _ 9(f - (—asin(0)))

o6 O M
We can use separation of variables,
f=X()Q(¢) (2)
= QX Q)
8(—@](;2111(9)) = —asin(6)X'Q (4)
Matching solutions, setting equal to [Equation 4
QX = —asin(0)X'Q ()

We can convince ourselves that we cannot find a @ that depends only on ¢ or an X dependent
only on z. We can also set ¢ = § and realize that there are no terms with d@,
d(—afsin(d)) _ 90 (6)
00 -~ 0¢

The only solution is the trivial solution. We can show the same for the second equation, replacing
x with y.



1.5. CONNECTED WHEELS 9

1.5 Connected Wheels

Two wheels of radius a are mounted on the ends of a common axle of length b such
that the wheels rotate independently. The whole combination rolls without slipping
on a plane. Show that there are two nonholonomic equations of constraint,

cos(f)dx + sin(f)dy = 0

1
sin(6)dz — cos(0)dy = §a(d¢ +d¢)
(where 0, ¢, and ¢ have meanings similar to those in the problem of a single

vertical disk, and (z,y) are the coordinates of a point on the axle midway between the
two wheels) and one holonomic equations of constraint,

b= 26—

where C is a constant.

In we label the left system 1 and the right system 2. If
\ the wheels rotate individually, we can write how it moves the system,
: B ///g/ J

s v1 = adpq
Q/ dxy = vy 8in(6) (1)
dy1 = —vq cos(0)

Figure 1.1: Vo = addpo
dzo = vy sin(h) (2)
dys = —vq cos(6)

Adding these together,

dr = %(dm + dzs) = %Sin(9)(d¢1 +dgs) ®)

dy = 5 (g + dys) = — = cos(6) (dn + ) (4)
We can show the first constraint by brute force,
cos(0)dx + sin(6)dy = v cos(#) sin(f) — vsin(f) cos(d) =0 (5)
And the same for the second constraint,

sin(8)dz — cos(#)dy = vsin?(8) + v cos?() = v (6)

_ %(1}1 +uz) = 5 (dn +don) (7)
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We can write the positions of each wheel,

T =y cos(0)
(8)
y1 = — sin(f)
ZTo = gcos(e)
(9)
b .
y2 = 5 sin(6)
The distance between them 774,
tan(f) = sz (10)
Z12
1
sec?(0)df = —%dmlg + I—mdym (11)
— a(dn ~ do) (- 22 sin(0) - - cos(0)) (12)
1
= —a(d¢y — d¢2)x%2(tan(9) sin(@) + cos(#)) (13)
do = —a(de, — dqbg)mi12 cos(0) = —a(der — dqb)%ﬂ% (14)
= —%(défh — dgz) (15)

From this, we can easily get the holonomic constraint.
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1.6 Non-holonomic Constraint

A particle moves in the zy plane under the constraint that its velocity vector is always
directed towards a point on the x axis whose abscissa is some given function of time
f(t). Show that for f(t) differentiable, but otherwise arbitrary, the constraint is non-
holonomic.

What this means is
ydr — [f(t) — z]dy = 0 (1)

which since f(t) is non-holonomic, cannot be solved.
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1.7 Nielsen Form of the Lagrange Equations

Show that Lagrange’s equations in the form of Egs. (1.53) can also be written as

of T _

9 oG @

These are sometimes known as the Nielsen form of the Lagrange equations.

Eq. (1.53),

By definition,

d(ory_or _ .,
dt aq] an_ !

d 9 9dq 9 dq W

ﬁ_§+%ﬁ+%ﬁ

Applying this to the (1.53),

d (TN _ 9 (9T, 9 (OT\, 0 (9T, @)
dt \ 9¢ ) ot \ 9q ag\oq)?" g\ o )"

We now want to compare this to the Nielsen form, specifically,

Comparing [Equation 2

. dTI" oT oT . OT.
T7E7§+87qq+67qq (3)
o _o (o1, o (or\ o (0T, "
oq _0q\ot)  ag\oq?) T oq\ aq"
“og\ot) " ag\ag) T o Tog\ag )
. . oT
and [Equation 5 we see that they differ by a—q as we expect.
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1.8 Lagrange Equation

If L is a Lagrangian for a system of n degrees of freedom satisfying Lagrange’s equa-
tions, show by direct substitution that

dF(le "'7Q7Lat)

L'=L
* dt

also satisfies Lagrange’s equations where F is any arbitrary, but differentiable, function
of its arguments.

Eq(1.57) gives us Lagrange’s equation. Nothing doing, let’s plug it in,

d (oL oL’
- — = 1
ﬁ(@) o " W
d (0L 0°F oL  O*F
2 (== (= = 2
a (aq + aqat> (aq + 6q8t> 0 @
Rearranging, we can return the normal Lagrange’s equations and some change,
d (0L oL d (0*F 0’F
— ==t |= . - =0 (3)
dt \ Oq dq dt \ 0qot 0qot

In the second term, we can show that these are equal by moving around derivatives, leaving us
with (1.57).
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1.9 Gauge Transformation

The electromagnetic field is invariant under a gauge transformation of the scalar and
vector potential given by

A— A+ V(7 t)

10y
_> —_ e —
o9 c Ot
where 9 is arbitrary (but differentiable). What effect does this gauge transformation
have on the Lagrangian of a particle moving in the electromagnetic field? Is the motion
affected?

(1.63) gives us the Lagrangian of a particle in an EM field,

1 .
,i”:imv2fq¢+qA~17 (1)
Applying the transformation,
/ 1 2 q O T = S
L= gmt — o+ or + ATV (2)
_ 5 10¢
=Z+qVvy v+06t (3)

We can convince ourselves that the additional terms are differentiable, which allows us to use
the results of problem (1.8) to show that while the Lagrangian changes, the motion does not. This
is probably a good thing since being able to change the laws of physics by adding some arbitrary
constant would have unfortunate consequences.
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1.10 Point Transformation

Let qi,...,q, be a set of independent generalized coordinates for a system of n de-
grees of freedom, with a Lagrangian L(q,{,t). Suppose we transform to another set of
independent coordinates s, ..., s, by means of transformation equations

qi:qi(sl,...sn,t), i:l,...,n

(Such a transformation is called a point transformation.) Show that if the La-
grangian function is expressed as a function of s;,5;, and ¢ through the equations of
transformation, then L satisfies Lagrange’s equations with respect to the s coordinates:

dfoLy or
dt &éj 8sj B
In other words, the form of Lagrange’s equations is invariant under a point trans-
formation.

We start with the second term in Lagrange’s equation, (1.57), and perform the point transfor-
mation,

oL _ 9L 0q 0L 0i
ds Oq Os 9 Os
We can now look at the first term,
d (9L _ d[oLdg  OLO;
dt \ 95 ) dt |dq 95 9q 05

(1)

The first term dies since ¢ does not depend on 3,

_dforog
~dt | 9 Os

_d(oryos oL d (0
~ @ <aq) s g di (as) )

Lagrange’s equation tell us — ( — | = —
g g q lt 9 . 9 )
0L 0q OL 0q

= Bq9s 93 9s (5)

Comparing |[Equation 1| and [Equation 5] we see that Lagrange’s equation holds true even after
a point transformation.
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1.11 Conservative Forces

Check whether the force F = yzi + zscj + :cyl;: is conservative or not.

From (1.16), a force is conservative if we can find some potential V',
F=-VV()

This means we must find some V which satisfies,

ov
r —Yz (1)
oV
= = 2
oy 2T (2)
ov
2 -y (3)

We can convince ourselves there exists a solution,

V() = —ayz (4)

which means F' is conservative.
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1.12 Satellite Motion

Compute the orbital period and orbital angular velocity of a satellite revolving around
the Earth at an altitude of 720km. [Given: radius of Earth R = 6000km and g =
9.83m/s%.]

From undergraduate mechanics,

2 2,.2
g vt mwtr )
T T

mg = mw?r (2)

s g 9.83m/ s>
= - — 3
YT T 62 x 105m )

The angular velocity,

w=12x10"3s""1 (4)

From this we can find the orbital period,

2
T="252x10% (5)
w
Or about an hour and a half. By comparison, the ISS at ~400km has an orbital period of

92minutes.
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1.13 Escape Velocity

Rockets are propelled by the momentum reaction of the exhaust gases expelled from
the tail. Since these gases arise from the reaction of the fuels carried in the rocket, the
mass of the rocket is not constant, but decreases as the fuel is expended. Show that the
equation of motion for a rocket projected vertically upward in a uniform gravitational
field, neglecting atmospheric friction, is
dv  ,dm
mE = —v E —mg,

where m is the mass of the rocket and v’ is the velocity of the escaping gases relative to
the rocket. Integrate this equation to obtain v as a function of m, assuming a constant
time rate of loss of mass. Show, for a rocket starting initially from rest, with v' equal
to 2.1km/s and a mass loss per second equal to 1/60th of the initial mass, that in order
to reach the escape velocity the ratio of the weight of the fuel to the weight of the
empty rocket must be almost 300!

From the statement of the problem, we have the following momentum relation
mdv = —v' dm — mg dt (1)
We can easily rearrange this to get the desired result,

dv ,dm
Mo =~V —- —mg (2)

For the second part, we integrate [Equation 1

’I'nf _

v —vg = =0 In(m)|mi — gt (3)

Looking this up, escape velocity of earth is 11.2km/s. Here, my = m, and my = m.+my where
m, is the mass of the empty rocket and m, is the mass of the fuel. Solving for this quantity,

Me —9.8-60—11.2 x 103
In = (4)
me +myg 2.1 x 10°
Me  _36x1073 (5)
Me + My




1.14. GENERALIZED COORDINATES 19

1.14 Generalized Coordinates

Two points of mass m are joined by a rigid weightless rod of length [, the center of
which is constrained to move on a circle of radius a. Express the kinetic energy in
generalized coordinates.

We draw the system in with the circle in the xy—plane.
From this, we can write the position vectors for both masses:

2o = (acos(f) — /2 cos(¢) sin(o), asin(f) — /2 cos(¢) cos(o), —/2sin(o))
(1)

Taking the derivative and finding the magnitude of their velocities,

{i;’l = (acos(0) + /2 cos(¢) sin(o), asin(d) + {/2 cos(¢) cos(o),!/2sin(0))

Figure 1.1:

2

. 262 1262
i1=a202+T¢+7a

1 cos?(¢)
| @)

) 212 2-.2

3 = a?0? + L Z) + fo” Z cos?(¢)

The kinetic energy,

1 . 212 2.2
T = §m(5p§ +i2)=m <a292 + % + ZT" cos2(¢)> (3)
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1.15 Generalized Potential

A point particle moves in space under the influence of a force derivable from a gener-
alized potential of the form

U6 =V(r)+d-L

where 7 is the radius vector from a fixed point, L is the angular momentum about
that point, and & is a fixed vector in space.

1.15.a Find the components of the force on the particle in both Cartesian
and spherical polar coordinates, on the basis of Eq. (1.58)

We'll start with Cartesian coordinates. Using (1.7), we rewrite the generalized potential in terms
of 7,
U(F,0) =V (F)+ & - (7 x mv) (1)

= V(7) +m(ox(yz — yz) — oy (22 — i2) + 0. (29 — dy)) (2)
Eq. (1.58),

Q, __87U+£ aiU
7 6qj dt 8qj

Before plugging in, we want to take a look at V(7) right quick.

ov. oV or ;o or
o o o Vo ®)
Note the difference between vector 7 and scalar r,
r= (2% 4y’ +2°) (4)
thus becomes,
Y vim? 5)
or r
Back to generalized force components,
\% d
Qo= (G +ml-,+0.0) ) + oz = o.1) ©)
= V()= +2m(0y% — jo.) (7)
r
In a similar manner,
Q, = —V’(F)% +2m(io, — 0,%) 8)

Q. = —V/(f)§ + 2m(ogy — doy) (9)
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For spherical coordinates, we want to use a little trick. Since we are free to move out coordinate
axis freely, we can set ¥ and & to whatever we want. Let’s choose 7 as the origin and & pointing
in the z-axis. Alternatively, you can do what I did originally and solve for the general case, spend
several hours and dozens of pages doing algebra, and get it all wrong in the end (or hopefully, get
it all right in the end) because I'm a bit of an idiot.

Choosing these particular vectors, we can start with We pick out o,
U=V(F)+m(zy — iy)o (10)
Converting to spherical coordinates,

= V() + mor?fsin®(¢) (11)

The generalized force components (1.58),

Q. = —V'(F) — 2mrof sin®(0) (12)
Qy = —2mar26 cos(¢) sin(e) (13)
Qo = 2morisin®(¢) + 2mor? ¢ sin(p) cos() (14)

1.15.b Show that the components in the two coordinate systems are
related to each other as in Eq. (1.49).

Eq. (1.49),

L o7,
Q; :;Fiiﬁqj

Let’s start with Cartesian coordinates and try to recollect the spherical coordinates. We can
write 77 and &,

{ﬁ: (rsin(¢) cos(6), r sin(¢) sin(8), r cos(¢)) (15)
d=1(0,0,0)
Using (1.49),
Qr = Qu(sin(¢) cos(0)) + Qy(sin(¢) sin(h)) + Q. cos(¢) (16)
Qo = Qu(r cos(¢) cos(0)) + Qy(r cos(¢) sin(0)) + Q. (-7 sin(¢)) (17)
Qo = Q(—rsin(¢) sin(h)) + Q, (r sin(e) cos(8)) (18)

We can insert [Equation 7} [Equation 8} [Equation 9] and show that these match up with
[tion 12| [Equation 13| [Equation 14]
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1.15.c Obtain the equations of motion in spherical polar coordinates.

We can write the Lagrangian,
L = S +12(6)? + 1% sin?(¢) — U

The equation of motion,
a(oz\ oz
dt 8qj an' -

d (9T _ 9T _d (9UN, U
dt aqj 8qu dt 8q7 8qj B

d (0T oT
it (55,) =35~ 0

Using (1.58),

From this, the equations of motion,

mit = mr¢? + mré? sin?(p) + Q.
mr2¢ = mr262 sin(¢) cos(¢) — 2mrid + Qo

mr2@sin®(¢) = —2mrifsin®(¢) — 2mr20¢sin(¢) cos(¢) + Qq

(19)

(23)
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1.16 Weber Electrodymaics

A particle moves in a plane under the influence of a force, acting toward a center of
force, whose magnitude is
1 72 — 2ir

where r is the distance of the particle to the center of force. Find the generalized
potential that will result in such a force, and from that the Lagrangian for the motion
in a plane. (The expression for F represents the force between two charges in Weber’s
electrodynamics.)

(1.58) gives us a relation to start with,

1 72 27 oU d(BU)
F=——-—+4+—=- -—
or

- + _
r2  r2c2  pc? or dt

Since the generalized potential does not depend on time, we can rewrite the right side,

__OU 0 (OUN . 9 (OUN. @)
o "o \or ) Tar\ar )"

Let’s start by matching solutions,

o (oUY\ . 2F
5 ()= o ®)

rc
ou  2r
o v @
,r'.2
Using this, we can look at the second and first terms,
0 (oUY . 272 /.
o (5 )= i+ ©)
ou 72 )
o = aE T ™
Substituting these in and comparing,
2 .
7 , 27
F= r2c2 B+ 722 (8)

This tells us,
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24
1
== 10
p=1 (10)
Since « doesn’t show up, we are free to set it to whatever we want. o« = 0. Going back to
quation 5|
72 1
U=—+- 11
rc2 + T (11)

From this, we can show the Lagrangian,
22

_ o m g 919 T 1
X—T—U—g(r —I—Tqb)—rch—; (12)
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1.17 Radiation

A nucleus, originally at rest, decays radioactively by emit-
ting an electron of momentum 1.73MeV/c, and at right an-
gles to the direction of the electron a neutrino with momen-
tum 1.00Mev/c. (The MeV, million electron volt, is a unit of
energy used in modern physics, equal to 1.60 x 107'3.J. Cor-
respondingly, MeV/c is a unit of linear momentum equal to
5.34 x 107%2kg - m/s.) In what direction does the nucleus recoil?

n What is its momentum in MeV /c? If the mass of the residual
nucleus is 3.90 x 1072°kg what is its kinetic energy, in electron
Figure 1.1: volts?

Referring to [Figure 1.1] we work in two-dimensions. By conservation of momentum, the mo-
mentum vector of the neutron is,

Pn = (*puy *pe) (1)
Thus, the direction angle,
0 = tan~" (pe> = tan~'(1.73) = 59.97° (2)
27
To find the magnitude,
pr =Dl + P (3)
Dn = 2.00MeV/c (4)
Finally, the kinetic energy,
2
T,=2n —18x107°MeV (5)

Mn
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1.18 Two-dimensional Harmonic Motion Lagrangian

A Lagrangian for a particular physical system can be written as
K
L= %(aﬁ +2bij + i) = = (az” + by + )

where a, b, and c are arbitrary constants but subject to the condition that > —ac # 0.
What are the equations of motion? Examine particularly the two cases a = 0 = ¢ and
b =0, c= —a. What is the physical system described by the above Lagrangian? Show
that the usual Lagrangian for this system as defined by Eq.(1.56) is related to L’ by a
point transformation (cf. Derivation 10). What is the significance of the condition on
the value of b? — ac?

Following (1.57), we can show the equations of motion are,

{mai—i—mbij: —(Kax + Kby) (1)

mbi + mecy = —(Kbx + Kcy)

This is the harmonic motion in two-dimensions. For the special case, a = ¢ = 0, our equations
of motion simplify to,

mby = —Kby @)
mbi = —Kbzx
jj = —K/my (3)
T = 7K/mx

which we recognize as harmonic motion and can be solved as such. We can get the same thing
if b =0, c = —a. We note that b> = ac, we are able to move between the two equations of motion.
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1.19 Spherical Pendulum

Obtain the Lagrange equations of motion for a spherical pendulum, i.e., a mass point
suspended by a rigid weightless rod.

We can write the Lagrangian of this system,
Z = %(ZQQZ + 1242 sin?(0)) 4+ mgl cos(6) (1)

Note that in the full Lagrangian, there should be an [ term. However, because we have a rigid
rod, I = 0. The equations of motion thus,

d (0L\ 0%
i)~ =0 @
6 = ¢?sin(0) cos() — %sin(@) (3)
and
d [0\ 0%
i ( % ) "0 @

¢ = —2¢0 cot(0) (5)
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1.20 Lagrangian

A particle of mass m moves in one dimension such that it has the Lagrangian

m2i*

12

Z = +mi?V(z) — V()

where V is some differential function of z. Find the equation of motion for z(t) and
describe the physical nature of the system on the basis of this equation.

The equation of motion,

d (0L 0L
b (ax) ~ o (1)
m2i3
% ( 5+ 2m9’cV(J:)) — (ma?V'(z) — 2V (z) - V'(2)) =0 (2)
As an aside, @
d dV(x) dx 1N
V(@) =—— - =V()& 3)
Substituting this back in,
m2i%i + 2maV (z) + mi?V'(x) + 2V (z) - V' (z) = 0 (4)
mi(ma?® + 2V (x)) + V' (z)(mi? + 2V (z)) =0 (5)
(mi + V' (z))(mia? + 2V (x)) = 0 (6)
What we’re left with is,
mi = —V'(x)
{ma':? +2V(z) =0 @)

We note that the first equation is Newton’s second law and the second equation is the conser-
vation of energy.
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1.21 Lagrangian

Two mass points of mass m; and ms are connected by a string passing through a
hole in a smooth table so that m; rests on the table surface and my; hangs suspended.
Assuming my; moves only in a vertical line, what are the generalized coordinates for
the system? Write the Lagrange equations for the system and, if possible, discuss
the physical significance any of them might have. Reduce the problem to a single
second-order differential equation and obtain a first integral of the equation. What is
its physical significance? (Consider the motion only until m; reaches the hole.

We can write the Lagrangian,
m . m
Z = 71(1*2 +720%) + 72,7;2 + magy (1)

However, we want to convert this to the generalized coordinates » and 6. To this, we have a
constraint in the length of the string,

y+r=1I (2)
==y 3)
Inserting this,
7 = %(i«? +r202) + %7'«2 +mag(l—1) (4)
The equation of motion (1.57),
d . . 52
—(mar +mar) — (marf” —mag) =0 (5)

dt

o
. mqrd mog (6)
mi + mo
For 6,
i(m r20) =0 (7)
as v

This implies that m1726 or angular momentum(1.7) is conserved. Inserting this into [Equation 6

L2
myrs
T — (8)
mi + Mo
Multiplying by dt,
2
(mq + meo)frdt = 7dt — mogrdt (9)

173

{fdt:dr. (10)

We note,

drdt = dr
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This allows us to convert the integrals to a solvable form,

2
(m1 + mg)T dr — (mer + m2g> dr =0 (11)
Integrating,
my1 4+ ma . L?
— =F 12
5 o2 T Mg (12)

This is simply conservation of energy.
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1.22 Double Pendulum

Obtain the Lagrangian and equations of motion for the double pendulum illustrated
in Fig. 1.4, where the lengths of the pendula are /; and [; with corresponding masses
my and ms.

The meat of this problem is writing out the positions of the masses in generalized coordinates.
Past that, it’s just algebra. The position of the upper mass,

1 = Iy sin(6y) ()
y1 = —lq cos(6y)
And the lower mass,
To = ll sin(@l) +12 sin(Gg) (2)
ya = —ly cos(61) — I cos(fs)
From this, the Lagrangian,
1 .2 .9 1 .2 )
Z = 3m (47 +97) + §m2($2 +93) — migy — magy2 (3)

= %(1%9%) + %(1%9% + l%@% + 21115610 cos(fy — 02)) + mygly cos(61) + mag(ly cos(61) + 12 cos(62))
(4)

Using (1.57), our generalized coordinates are #; and 2. The equation of motion for 6y,
(m1 + mg)l§91 + mglllgég COS(91 — 92) + mglllgég sin(91 — 92) + (m1 + mg)gll sin(@l) =0 (5)
The equations of motion for 6,

mgl%ég + mglllgél COS(91 — 02) — mzlllgé% sin(91 - 92) + mQQZQ Sin(og) =0 (6)
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1.23 Atwood’s Machine

Two masses 2kg and 3kg, respectively, are tied to the two ends of a massless, inexten-
sible string passing over a smooth pulley. When the system is released, calculate the
acceleration of the masses and the tension in the string.

Referring to Section 1.6 and we draw the forces existing
in the system. From this, we can get two force equations. For this, we
assume mo is heavier,

—mig+T =mia
{ (1)

—mog + T = —moa

Setting tensions equal to each other,

mia+mig = —maa + mag (2)
Mod —
o= 20 —Mm1g (3)
mi + mo

Substituting this in,

Figure 1.1:

2mymag

T =mi(a+g) = (4)

m1 + mo

If we instead want to use the Lagrangian method, referring to Fig. 1.7 in the text, the Lagrangian
is

Z = %(Tm +ma)d? + migz + mag(l — x) 5)
(1.57),
%((ml +ma)d) = (m1g —mag) =0 (©)
_ Mg = mag (™)
mi + mo

Note that this is the same magnitude but opposite direction of probably because
I messed up some directions. In any case, we also want to note that the tension cannot be found
using the Lagrangian method.
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1.24 Spring Pendulum

A spring of rest length L, (no tension) is connected to a support at one end and has
a mass M attached at the other. Neglect the mass of the spring, the dimension of the
mass M, and assume that the motion is confined to a vertical plane. Also, assume that
the spring only stretches without bending but it can swing in the plane.

1.24.a Using the angular displacement of the mass from the vertical
and the length that the string has stretched from its rest length
(hanging with the mass m), find Lagrange’s equations.

The position of the mass,

x = lsin(0) (1)
y = —lcos(0)
The Lagrangian is given by,
Loriiz 2z L 2
Z = §M<l +1°6%) — 51@’(1 — Lo)* + Mgl cos(6) (2)

The equation of motion for generalized coordinate I,
[ =16% — ﬁ(z — Lg) + gcos(6) (3)
M

For 0,

= f% sin(0) — =2 (4)

1.24.b Solve these equations for small stretching and angular displace-
ments.

Now here, things get a bit iffy (as if they weren’t already). I think what this is asking is what
happens around 0 = 6y and [ = [y where lg = L, and § = 0. Simplifying,

sin(f) = 0
cos(f) =1 (5)
|l—L,=x

Here, the equations of motion simplify to,

. k B g
l——Mx—&-gH——jH (6)
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These are the harmonic oscillation equations, so we can pull those solutions. Since [ has some
extra terms, we do need to offset the solution by a little,

. .k .k Mg
l=Aexp <z Mt) + Bexp ( i Mt) + (La + k:)
0 = Aexp (zﬁt) + Bexp <—i ?t)

1.24.c Solve the equations in part (a) to the next order in both stretch-
ing and angular displacement. This part is amenable to hand cal-
culations. Using some reasonable assumptions about the spring
constant, the mass, and the rest length, discuss the motion. Is a
resonance likely under the assumptions stated in the problem

I =1+ €ly (8)
9:90+€01

We want to make the substitution,

to the equations,

.. . 2
lzm%5@U—L@+g(1—9>

2
- (9)
_ 9, 20
0= 19 ;i
For the length,
. . . k o + €61)?
L= (lo + €ly) (6o + €61)” — M(lo +eli —La)+g (1 - ((H_;l)) (10)

Keeping only the terms that go out to ¢ and killing off any terms that were in the previous
solution,

€Z1 = Gllég + 26109.1 - 6%[1 — 699001 (11)
B0 (62— ) 2106, — 9000 (12)
1= \% =7, ov1 — gbtobi
For 0,
. g . . . .
_ o 1
0 lo+ ey (90—|—691) lo+ e (l0+€l1)(90+€91) ( 3)
o 901 — 21.09.1 — 2l.19.0
6 = — 14
! lo+ €y (14)

We're going to skip parts (d) and (e) since they’re computer parts.
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