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Chapter 1

Mathematical Introduction

1.1 Linear Vector Spaces: Basics

1.1.1 Vector Proofs

Verify these claims.

|0) is unique, i.e., if |0’) has all the properties of |0), then |0) = |0’). For the first consider
|0) + |0’) and use the advertised properties of the two null vectors in turn.

Let’s do as suggested. Starting with |0) 4+ |0") and using the definition of the null vector for |0),
V) +10) =1V),
10) +107) =10) (1)
If |0") is also a null vector,
|0) +[07) = 10) (2)

Because the left side is the same, we can see |0) = |0).

0]V) = ]0). For the second start with [0) = (0+ 1) |V) +|-V)

Using distributive in the scalars,

O+)V)+|=V)=0V) +[V) +[=V) (3)
Using vector inverse and the definition of the null vector,
=0[V)+10)=0[V) (4)
O+D[V)+[=V)=0]V) ()
Alternatively, we can perform the scalar addition from the get-go,
O+DV)+[=V)=V)+|=V) =10) (6)

Again, we started with the same input, and got two answers. 0|V) = |0).

7



8 CHAPTER 1. MATHEMATICAL INTRODUCTION

|-V) = —|V). For the third, begin with |[V) + (—|V)) =0|V) = |0).

We compare to the inverse under addition requirement,
V) +1=V) =10) (7)

Comparing this to the suggestion, we see — |V) = |-V).

|-V) is the unique additive inverse of |V'). For the last, let |IV) also satisfy |V)+|W) = |0).
Since |0) is unique, this means |V) + |W) = |V} + |-V). Take it from here.

Shankar has sort of solved it all already for us. Since we know that both |V +|W) and |V) +|-V)
return 0, we can compare the two and see that |WW) = |-V).

I tend to have trouble with proofs because I never really know what I'm allowed to assume
or what sort of common sense, ”it’s right there” steps I'm allowed to take. I'm also far from
mathematically rigorous.
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1.1.2 Vector Space Example

Consider the set of all entities of the form (a,b,c) where the entries are real numbers.
Addition and scalar multiplication are defined as follows:

(a,b,¢) + (dye, f) = (a+d,b+e,c+ f)

a(a, b, ¢) = (aa, ab, ac)

Write down the null vector and inverse of (a,b,¢). Show that vectors of the form
(a,b,1) do not form a vector space.

By observation, the null vector,
|0) = (0,0,0) (1)

and the inverse,

[=V) = (=a,=b,—¢) (2)

To show (a,b,1) do not from a vector space, let’s go through the list of requirements. First
closure, let’s add two vectors together,

(a,b,1) + (¢,d,1) = (a+ ¢, b+ d,2) (3)

We see that the resultant vector is not of the form (a,b, 1) so we break closure.

Next, let’s try to find a null vector. We quickly realize that the only vector that satisfies this
is (0,0,0), which is not of the form (a,b,1). The null vector must also exist as part of the vector
space so we break that rule as well.

Assuming we were allowed to have a null vector (0,0, 0), we would also break the inverse under
addition rule since an inverse of (a,b,1) is (—a, —b, —1), which is not the correct form.
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1.1.3 Functions as Vectors

Do functions that vanish at the end points z =0 and =z = L form a vector space? How
about periodic functions obeying f(0) = f(L)? How about functions that obey f(0) = 4?
If the functions do not qualify, list the things that go wrong.

We can convince ourselves that the first two form a vector space since we have the null vector
of f(z) = 0 and an inverse function f(z) + (—f(x)) = 0. The periodic condition would normally
disqualify us from closure, think of sin(x) and sin(x/v/2). However, since we return to the same
point after a length L, the two functions will always have the same period, which allows them to
have closure.

Functions that obey f(0) = 4 does not qualify as a vector space. It breaks closure since adding
two functions will give f(0) = 8. We can’t find a null vector or an inverse.
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1.1.4 Linear Independence

Consider three elements from the vector space of real 2 x 2 matrices:

m=|o o] =[5 1] ®=[7 3

Are they linearly independent? Support your answer with details. (Notice we are
calling these matrices vectors and using kets to represent them to emphasize their role
as elements of a vector space.)

We can quickly see that none of the vectors are scalar multiples of the other, but let’s see if |3)
is a linear combination of |1) and |2)

all) +b[2) = [3) (1)

Looking at each element, we have the system of equations,

b= -2
a+b=-1

2
0-0 (2)
b= -2

From this, we get a =1 and b = —2 or |1) — 2|2) = |3). These three elements are not linearly
independent.
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1.1.5 Linear Independence

Show that the following row vectors are linearly dependent: (1,1,0), (1,0,1), (3,2,1).
Let’s label these vectors |1), |2}, |3).

all) +b[2) =3) (1)
We have the system of equations,
a+b=
a=2 (2)
b=1

We see that 2(1,1,0)4(1,0,1)—(3,2,1) = (0,0, 0), making this combination linearly dependent.

Show the opposite for (1,1,0), (1,0,1), (0,1,1)

Following the same steps, we have the system of equations,

a+b=0
a=1 (3)
b=1

We can convince ourselves there is no set of a and b that satisfy these conditions, so this set is
linearly independent.



1.2. INNER PRODUCT SPACES

1.2 Inner Product Spaces

13
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1.3 Dual Spaces and the Dirac Notation

1.3.1 Gram-Schmidt Application

Form an orthonormal basis in two dimensions starting with A=3i+ 4}' and B = 2i — 6.
Can you generate another orthonormal basis starting with these two vectors? If so,
produce another.

Applying the Gram-Schmidt theorem, we first re-normalize /Y,

3. 4.
) =2i+2j 1
[ =ri+g) (1)
The second step,
12) = |B) — 1) (1| B) (2)
s B4 AY e
=92 —6j— 2;5 I (35 +45) - (21 — 67) (3)
= (2i 6“)+§(3A‘+4“)—i(104f 787) (4)
TS TN gt T A = g TR T 8]
Renormalizing this,
4, 3.
2 =-i—2j
2)=1—¢J (5)

To generate a different orthonormal basis, we start by renormalizing B ,

1 - 3

H=—i— — 6
A T )
Subtracting out the projection,
4 A % - 3j 4 A 4 A
|2y =31 + 45 — 10 (1 —3j) - (31 + 4y) (7)
1 i ~
= 5(392 + 13j) (8)
Renormalizing,
1 o ~
2) = == +)) (9)

1

e}
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1.3.2 Another Gram-Schmidt Application
Show how to go from the basis
3 0 0
= |0]|; [II)=|1|; |III)= |2
0 2 5
to the orthonormal basis
1 0 0
)= [0]5 [2)=[1/V5|; [3)=|-2/V5
0 2v/5 1/v5
To start, we can normalize |I),
1
1) = H (1)
0
0 (1] 0 0
|2y = |II) — 1) QII) = (1| — [0| [T 0 0] [1]| = |1 (2)
2| |0 2 2
- L] 3)
V5 |2
[3") = [111) — |1) (L[I11) — |2) (2|I1]) = (4)
0 1 0 1 [0 0 1 0
= (2| - 0| [t 0 o] |2|—<|1|[0 1 2] |2|=<]|-2 (5)
5] |0 5] O |2 5) ° |1
oL |5 (6)
V5|1
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1.3.3 Schwarz Equality

When will this equality be satisfied? Does this agree with your experience with arrows?

W) (viw)
VIV) = 3
_ vy (viw)
(V|V) = i (1)

Looking at the top side of the right hand side of the equation, we want (W|V) = |[W|, which
happens when
V) =al|W) (2)
Substituting this back in, we get
(Viv) =|v[? (3)

This is what we expect from our experience with vectors. The dot product of two vectors is
equal to the length squared. Another way of saying this is that the way to maximize a dot product
is to multiply a vector by itself.
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1.3.4 Triangle Inequality

Prove the triangle inequality starting with |V + W|2. You must use R (V|W) < | (VW) |
and the Schwarz inequality. Show that the final inequality becomes an equality only
if |V) = a|W) where « is a real positive scalar.

We can expand |V + W%
V4+WP=(V+W[V+W) (1)

= (VIV) + WV) + (VIW) + (W|W) = (V]V) + 2 (VIW) + (W|W) (2)

Starting with the R (V|W) < |(V|W) |, we want this to look like above. First, we can use the
Schwarz inequality, (Eq. 1.3.15),

RVIW) < [V[|[W| 3)
We then add |V'|? + |W|? to both sides,
(VIV) +2R (VW) + (W|W) < [V]>+ W[ +2V||W| (4)
Simplifying,
V+ W< (V] + [W])? ()

Which then gives the triangle inequality.
To get the triangle equality, let’s plug in |V') = a|W). Going back to [Equation 2}

(VIV) + (W|V) + (VIW) + (W|W) = (V|V) +a(V|V) +a(V|V) + a* (V|V) (6)
=(a®+2a+1)|V|? (7)

Comparing to |V + W|?,
V+ W= (1+a)?V[] (8)
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1.4 Subspaces

1.4.1 Orthogonal Subspace

In a space V", prove that the set of all vectors {|V]!), |V?),..}, orthogonal to any
|V') # ]0), form a subspace V"~ 1.

We start with the vector space V™. Looking at the definition of a vector space, we can convince
ourselves that a subspace of V" will follow many of the same rules. Let’s look at closure. If we take
a vector [V ) and add it to another orthogonal vector, we should get a resulting vector orthogonal
to |V). There are going to be n — 1 dimensions because n elements form a linear basis in V*. One
vector is removed, resulting in n — 1 basis vectors.
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1.4.2 Vector Space Addition

Suppose V' and V;? are two subspaces such that any element of V; is orthogonal to
any element of V,. Show that the dimensionality of V; @ Vs is n; +ny. (Hint: Theorem
4.)

The dimensions of each vector space is,

dim(V]™) = nq
{dim(Vznz) = ng )

Since all vectors between the two are orthogonal, there is no overlap, so the dimension of the
resulting vector space is the dimension of each combined.
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1.5 Linear Operators



1.6. MATRIX ELEMENTS OF LINEAR OPERATORS

1.6 Matrix Elements of Linear Operators

1.6.1 Operator Action

An operator () is given by the matrix

o = O
= o O
S O =

What is its action?

Let’s act  on the usual three basis vectors,

Q) =12)
Q2) =3)
Q3) = 1)

Which is the permutation operator.
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1.6.2 Hermitian Operators

Given () and A are Hermitian what can you say about

QA
(QA)T = ATQT = AQ (1)
Hermitian if Q and A commute.
QA + AQ
(QA + AQ)T = ATQT + QTAT (2)
=AQ+ QA (3)
Hermitian.
[€2, A
(QA — AQ)T (4)

Following the same logic as above, anti-Hermitian.

i[Q, A]
(iIQA —iAQ)T = —iAQ +iQA = i(QA — AQ) (5)

Hermitian.
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1.6.3 Unitary Operators

Show that a product of unitary operators is unitary.

23

A restatement of this is to show,
Uvuv) =1

Using (1.6.16),
vvov)t =uvviut

Because U and V' are unitary, we can kill these terms,

=UIUt=vuUut =1
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1.6.4 Determinant

It is assumed that you know (1) what a determinant is, (2) that detQ? = detQ (T
denotes transpose), (3) that the determinant of a product of matrices is the product
of the determinants. [If you do not, verify these properties for a two-dimensional case

o-(s 9

with det Q = (ad — 57).] Prove that the determinant of a unitary matrix is a complex
number of unit modulus.

We want to show,
detU =a +ib (1)

where |a 4+ ib| = 1. We take the determinant of a unitary matrix. We are then left with the
identity matrix, which has determinant of one, thus proving unit modulus,

det UUT = det T = 1 (2)
Because the determinant of a product of matrices is the product of the determinants,
det UUT = det U det UT (3)
=det U * (det UT)* (4)
Since the determinant of a matrix transpose is equal to the determinant of the matrix,
=detU(detU)* =1 (5)

The only way to satisfy this without complex numbers is if U is the identity matrix. Otherwise,
detU = a + bi.
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1.6.5 Rotational Matrix Unitarity

Verify that R(1/27i) is unitary(orthogonal) by examining its matrix.

From (1.6.4),
. 1 0 O
R(lfami)= [0 0 —1 (1)
01 0
Nothing doing,
A A 1 0 0 1 0 0 1 00
R(1ri)RT(1fmi) = [0 0 —1| |0 0 1| =(0 1 0 (2)
01 0 0 -1 0 0 0 1

We could also think about this as R(1/27i) being the counter-clockwise rotation around the
x-axis and R(1/emi) as the clockwise rotation around the x-axis. If we take a vector and rotate it
by 7/2 and then rotate it by 7/2 the other way, we get back to where we started.
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1.6.6 Unitary Matrices

Verify that the following matrices are unitary. Verify that the determinant is of the
form exp(if) in each case. Are any of the above matrices Hermitian?

AR R g
det Q = %(1 —i?) =1 = exp(0) (2)

This matrix is not Hermitian.
} 144 1—1
211 —4 1+1
1 144 1—2||1—7 1474 71 4 0 3)
411 —4 144|144 1—4| 4|0 4

det A = i((l +4)? — (1 —4)?) =i = exp(i7/2) (4)

This matrix is not Hermitian.
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1.7 Active and Passive Transformations

1.7.1 Matrix Trace

The trace of a matrix is defined to be the sum of its diagonal matrix elements
i

Show that

Tr(QA) = Tr(AQ)

Tr(QA) = ) (QA)a (1)
=) Qg (2)
ij
Since €;; and Aj; are matrix elements and scalar, we can move those freely,
=3 A5 = (AQ);; = Tr(AQ) (3)
ij J
Tr(QA0) = Tr(A02) = Tr(6QA). (The permutations are cyclic)
Tr(QA0) = > QA0 (4)
ijk

Moving these scalar quantities around and collapsing,

= AjrbriQ; = > _(A09);; = Tr(A0Q) (5)
ijk Ji
We also have,
= 0kiQujAjr =D (0QA) k= Tr(6QA) (6)
ijk kk

The trace of an operator is unaffected by a unitary change of basis |i) — U |i). [Equiv-
alently, show TrQ = Tr(UTQU]

Starting with the unitary change, we can use the previous part and move things around cyclically,

Tr(UTQU) = Tr(QUUT) = TrQ (7)
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1.7.2 Determinant of a Unitary Change of Basis

Show that the determinant of a matrix is unaffected by a unitary change of basis.
[Equivalently show det Q = det(UTQU)]

Let’s prove the equivalent statement. Since the determinant of a product of matrices is the
product of the determinants,

det(UTQU) = det UT det Q det U (1)
Now, since each of these is just a scalar, we can move them around freely,

= det Qdet U det U = det Qdet(UTU) = det (2)
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1.8 The Eigenvalue Problem

1.8.1 An Eigenproblem Example

Find the eigenvalues and normalized eigenvectors of the matrix,

3 1
Q= 2 0
1 4

S O =

We'll work through one eigenvalue problem and the method of characteristic polynomial in
detail. We start by taking the determinant,

1l-w 3 1
det(Q —wl)=det | O 2—w 0 (1)
0 1 4—w
=(1-w)2-w@d-w)=0 (2)

We can see that our eigenvalues are w = 1,2,4. We can then label each of our eigenkets so. For
|1), we need to solve,

1-1 3 1 a 0
0 2—-1 0 bl = |0 (3)
0 1 4—-1| |c 0
We get the system of equations,
3b+c
b= (4)
b+3c=0
The normalized solution,
1
1) = |0 (5)
0

1 -5
1 1
=75 |0 (7)

Is the matrix Hermitian? Are the eigenvectors orthogonal?

The matrix is not Hermitian, and by Theorem 10, we do not expect(nor do we get) orthogonal
eigenvectors.
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1.8.2 Eigenvalue Problem

Consider the matrix

)

|
_ o O
o O O
o O =

Is it Hermitian?

By observation, yes.

Find its eigenvalues and eigenvectors

Solving the characteristic equation, we get eigenvalues, w = 0, +£1. The corresponding eigenkets,

0 1 1 1 1
=11 =750 D=7 0 1)

Verify that UTQU is diagonal, U being the matrix of eigenvectors of

0 1/vV2 1/V2
1 0

U= 0 (2)
0 1/vV2 —1/v2
0 1 0 0 0 1[0 1/vV2 1/V2 00 0
vtQu = (1/v2 0 1/v2 | (0 0 0| |1 0O 0 |[=101 0 (3)
1/v/2 0 —1/v2| [1 0 0] [0 1/vV2 —-1/Vv2 00 -1

We get a diagonal matrix out with the ¢ indices corresponding to the eigenvalue of the eigenket
that we used as the column in U.
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1.8.3 Eigenvalue Problem

Consider the Hermitian matrix,

Show that w; = ws = 15 wg = 2
We are able to reduce to the characteristic equation,
detQ=(1-w)(2—-3w+w?) =0 (1)

Which gives us the required eigenvalues.

Show that |w = 2) is any vector of the form

1
(2a2)1/2

The easiest way to show this is by solving for (Q — 27) |w = 2) = |0), which gives us,

We can then scale this by a.

Show that the w = 1 eigenspace contains all vectors of the form below either by feeding
w = 1 into the equations or by requiring that the w = 1 eigenspace by orthogonal to
w=2)

1 b
— |c
2 2\1/2
(0% +2¢2)1/2 |
We solve,
0 0 0 a 0
0 1/2 -—1/2| |b| = |0 (3)
0 —-1/2 1/2 c 0
The easiest solution is,
1 1
— |1 (4)

To make it orthogonal to |w = 2), we can vary the first element independently from the other
two.
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1.8.4 Eigenvalue Problem

An arbitrary n x n matrix need not have n eigenvectors. Consider as an example

°=

Show that wy = wy =3

The characteristic equation,

A-w2-w+1=(w-3)%*=0 (1)

Which gives us our two eigenvalues.

By feeding in this value show that we get only one eigenvector of the form. We cannot
finda another one that is LI

We solve,

We get,

which can then be scaled to match the solution.
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1.8.5 Eigenvalue Problem
Consider the matrix
0_ cos()  sin(0)
~ | —sin(f) cos(f)
Show that it is unitary
Nothing doing,
+ | cos(0) sin(0)| [cos(f) —sin(f)|
Qar = [— sin(f) cos(9)| [sin(f) cos(d) | I (1)
Show that its eigenvalues are exp(i6) and exp(—if)
We have the characteristic polynomial,
(cos(f) — w)? +sin?(f) = w? — 2wcos(d) +1=0 (2)
Using the quadratic formula,
w = cos(#) + isin(f) = exp(+ib) (3)
Find the corresponding eigenvectors; show that they are orthogonal
Using the usual suspects,
1 |1
exp(if)) = — | . 4
exoi6) = = || @)
. 1|1
esp-i6) = 5 | 1) )
To show that they are orthogonal,
. : 1 4 (1 1 9
(exp(=i0) exp(i)) = 5 [ 1] |}| = 5(1+7) =0 ©)
Verify that UTQU =(diagonal matrix), where U is the matrix of eigenvectors of (2
CIVE N2
o=[ivs L "
oy — 1/vV2 —i/V2] [ cos(d) sin(@)] [1/vV2 1/vV2]  [exp(if) 0 )
T1/V2 0 i/V2 | |—sin(@) cos(0)] |i/vV2  —i/V2| 0 exp(—if)
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1.8.6 Determinant and Eigenvalues

‘We have seen that the determinant of a matrix is unchanged under a unitary change
of basis. Argue now that

n
det Q = product of eigenvalues of ) = H wj
i=1

for a Hermitian or unitary ()

We know that performing a passive transformation on a Hermitian matrix Q — UQUT returns
a diagonal matrix whose elements are the eigenvalues of Q.

det(UTQU) = [ ] wi (1)

Finally, we know since the determinant of a matrix is unchanged under a unitary change of
basis, the left side is equal to det 2.

Using the invariance of the trace under the same transformation, show that

TrQ = Z w;
i=1
Using the same logic as above, we perform that unitary change of basis,
TrQ=Te(UTQU) =) w (2)

Since UTQU gives the diagonal matrix with elements equal to the eigenvalues.
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1.8.7 Eigenvalue Problem, Hermitian Matrix

By using the results on the trace and determinant from the last problem, show that
the eigenvalues of the matrix
1 2
o=z ]

are 3 and -1. Verify this by explicit computation. Note that the Hermitian nature of
the matrix is an essential ingredient.

We see

det Q) = -3
_ (1)
TrQ =2

We can convince ourselves that the only two values which satisfy this are w = 3, —1. Further-
more, we know the eigenvalues of a Hermitian operator must be real from Theorem 9.
The characteristic polynomial,

l-w?—4=w?-20w-3=0 (2)
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1.8.8 Eigenvalue of Hermitian Matrices

Consider Hermitian matrices M, M?, M3, M* that obey

MM+ MIM =291, i,j=1,..,4

Show that the eigenvalues of M‘ are +1. (Hint: go to the eigenbasis of M?, and use
the equation for i = j

For ¢ = j, o
M'M"=1 (1)

The determinant is 1, and the trace is n. The only real numbers which would satisfy these two
is if the eigenvalues are some combination of +1 and —1.

By considering the relation
M'M? = —M'M%;  fori#j

show that M® are traceless. [Hint: Tr(ACB) = Tr(CBA)]
We multiply both sides by M? and use M*M* =1I,

MMM = —MI M M* (2)
M'MIM" = — M (3)

Taking the trace of both sides,
Te(M MM = —Tr M7 (4)

On the left hand side, we use the cyclic nature of the trace to get the M? next to each other
and kill them, _ _
Tr M7 = —Tr M’ (5)

The only way for this to be true is if M* is traceless.

Show that they cannot be odd-dimensional matrices

We showed that

det Mt =

. (6)
TrM*=0

We must have an equal number of +1 and —1 eigenvalues, which means that M? is an even-
dimensional matrix.
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1.8.9 Moment of Inertia

37

A collection of masses m,, located at r, and rotating with angular velocity & around
a common axis has an angular momentum

(= ma(Fa x Ta)

where U, = J x 7, is the velocity of m.. by using the identity

Ax(BxC)=B(A-C)-C(A-B)

show that each Cartesian component [; of [is given by

where

or in Dirac notation

li = Z Mijw]'
J

M;; = Zma (2055 — (o )i(Ta) ]

Writing out l_;

= Ma(@(Fa - Ta) = Fa(Fa - &)

Looking at the individual elements,

l;, = Z Zma[ri% — (T)i(Ta) jlw;

Will the angular momentum and angular velocity always be parallel?

Looking at the Dirac notation, we can convince ourselves that angular momentum and angular
velocity will only be parallel for the eigenvalues of M (it looks like the statement of the eigenvalue

problem).

Show that the moment of inertia matrix M;; is Hermitian.

What we want to show is

We know this is true because

since 7,; is scalar.

M;; = Mj;

Ma(rabi; = Faifag) = Ma(Te0j — FajTai)

dij = 0ji
TaiTaj = TajTai
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Argue now that there exist three directions for ¢ such that [ and & will be parallel.
How are these directions to be found?

These directions can be found by finding the eigenkets of M. There are three directions because
M is a three-dimensional matrix and thus has three eigenkets.

Consider the moment of inertia matrix of a sphere. Due to the complete symmetry
of the sphere, it is clear that every direction is its eigendirection for rotation. What
does this say about the three eigenvalues of the matrix M

The three eigenvalues are degenerate since only one is needed to form a complete basis.
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1.8.10 Simultaneous Diagonalization

By considering the commutator, show that the following Hermitian matrices may be
simultaneously diagonalized. Find the eigenvectors common to both and verify that
under a unitary transformation to this basis, both matrices are diagonalized.

101 2 1 1
Q=100 0/; A=[1 0 -1
10 1 1 -1 2

Since () is degenerate and A is not, you must be prudent in deciding which matrix
dictates the choice of basis.

We start by making sure 2 and A commute.

QA =AQ =

W o W
o OO

3
0 (1)
3

Let’s find the eigenvalues of A since it is not degenerate. The characteristic polynomial,
C-ww —2w—1)-B-w -1-w=2-w(W -2w-3)=0 (2)

gives w = 2,3, —1. We can then find the eigenkets of A,

1 1 -1
1 1 1
2)=—=1|11; 3)=—|0|; |-)=—7] 2 3
12) 7! 3) 7 =1) 5 (3)
1 1 1
To check, let’s make sure these are eigenkets of €2,
212) =012)
Q3) =23) (4)
Q-1)=0|-1)

and so we expect the eigenvalues of {2 to be 0,0,2.
Let’s perform the unitary transformation,

1/V3 1/vV2 —1/V6
U=|1/V3 0 2//6 (5)
—1/V/3 1/vV/2 1/V6

1/vV3 1/vV3 —1/V31[1 0 1] [1/V3 1/vV2 —1/V6 00 0
uvlQu=11/v2 0 1/v2 110 0 of | 1/vV/3 0 2/V6 | =10 2 o (6)
—1/v6 2/v6 1/v/6 | [1 0 1| |-1/v3 1/v2 1/V6 000
1/v/3 1/V/3 —=1/v3] 2 1 1 1/vV3 1/vV2 —1/v6 2 0 0
UAU = | 1/v2 0 V2|t o -1|]1/V3 0 2/v6 | =10 3 0 (7)
-1/v6 2/v6 1/v6 | |1 -1 2| |-1/vV3 1/vV2 1/V6 0 0 1
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1.8.11 Coupled Mass

Consider the coupled mass problem discussed above

Given that the initial state is |1), in which the first mass is displaced by unity and the
second is left alone, calculate |1(t)) by following the algorithm.

Our initial state is given by,
1
(0 = 1) = |g (1)

The first step is to solve the eigenvalue problem of H. We don’t expect the equations of motion
to change if the initial conditions are changed,

a=(5)" m-5])

3k\ "/ 1[1
wir= (=) 5 I =—
" (m> ' ‘ > \/5 1]

We then look at the propagator U(t), which is given by (1.8.43). However, we want this in the
standard |1), |2) basis, so we go back to (1.8.41),

U(t) = [I) {I|cos(wrt) + |II) (II]cos(wrrt) =

1 fcos(wrt) + cos(wrrt)  cos(wrt) — cos(wrrt) (3)
2 |cos(wrt) — cos(wyrt) cos(wrt) + cos(wyrt)
Applying this to our initial conditions,

|z(t)) = U(#) [=(0)) (4)

(1) =115
(1))

Compare your result with that following from Eq.(1.8.39)

We can convince ourselves that we get the same result if we plug in the initial conditions (I'm not
going to do it here because it is alot of typing).
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1.8.12 Coupled Mass

Consider once again the problem discussed in the previous example.

Assuming that

|Z) = Qz)
has a solution

() = U(#) [=(0))

find the differential equation satisfied by U(t). Use the fact that |z(0)) is arbitrary.
Inserting the second given equation into the first,

&) = QU(#) [(0)) (1)
d2
o2 [2) = QU (t) |2(0)) (2)
d*U
o la(0)) = QU (1) 2(0)) Q
Matching the sides and removing |z(0)), we get the differential equation,
d*U
P QU (4)
d*U(t)
proa QU(t)=0 (5)

Assuming(as is the case) that ) and U can be simultaneously diagonalized, solve for
the elements of the matrix U in this common basis and regain Eq. (1.8.43). Assume
£(0)) =0
Let’s work with both 2 and U diagonalized, with the elements being the eigenvalues. Looking at
..

U11 0 *w% 0 U11 0

g =0 6
|: O U22:| |: 0 76&)% 0 U22 ( )

We have the system of equations,

Ui +wilUi =0
{ ; (7)

UQQ +w§U22 =0

We can convince ourselves(from remembering harmonic motion) that the solution will take the
form,

(8)

U1 = Aj cos(wit) + By sin(wst)
Usa = Ag cos(wat) + Bz sin(wat)
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Using the condition, |#:(0)) = 0 and substituting into,

dug)
S 1#0) =0 ©)

we then use UH(O) =0 and UQQ(O) =0 to show that Ay = Ay =1 and By = B, =0,

00 =" costont 1o
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1.9 Functions of Operators and Related Concepts

1.9.1 Hermitian Operator Power Series

We know that the series
fla) =) a"
n=0

may be equated to the function f(z) = (1 —z)~! if |2| < 1. By going to the eigenbasis,
examine when the ¢ number power series

F@) =3 o
n=0

of a Hermitian operator ) may be identified with (1 —Q)~!.

Going to the eigenbasis,

fQ) = (1)
Z;OZO ng

If we want f(£2) to go to (1 — Q)™ we need each element to go to (1 — x)~!, which converges
if |wp| < 1 for all eigenvalues wy,.
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1.9.2 Operator Analogy of Complex Numbers

If H is a Hermitian operator, show that U = exp(iH) is unitary. (Notice the analogy
with ¢ numbers: if 0 is real, u = exp(if) is a number of unit modulus.)

We can write,
exp(iwy)

U=exp(iH) = (1)
exp(iwy,)
exp(—iw1) exp(iw)
Ut = =17 (2)

exp(—iwy,) exp(iwy,)
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1.9.3 Determinant of a Function of Operators

For the case above, show that det U = exp(i Tr H)

45

Writing out,

exp(iwy
det L = exp(iws ) exp(iwz)... exp(iwy, )

exp(iwn )

= exp(i(w1 + w2 + ..wy,)) = exp(i Tr H)
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1.10 Generalization to Infinite Dimensions

1.10.1 Delta Function
Show that 6(az) = 6(z)/|al. [Consider [ §(az) d(ax). Remember that §(z) = §(—x).]

We start by saying,

[ ate) de =93 )

la]

We now want to show this is equivalent to what we want to prove. We consider what the
problem wants us to consider,

[ stag(o) dias) @)
We then make the substitution, y = ax,
1 g(0
[ swatufarg ay =20 Q
Comparing solutions,
I(x)
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1.10.2 Delta Function
Show that

> W

where z; are the zeros of f(x). Hint: Where does (f(x)) blow up? Expand f(z)
near such points in a Taylor series, keeping the first nonzero term.

On the right side, let’s use the results from problem 1.10.1,

[ \df/dxz X Idf/dxz o

On the left, if we expand f(z) as a Taylor series,

f@) = fl@i) + (z = 2a) f'(2:) = (x — @) [ (22) (2)

If we use the results from problem 1.10.1,

/ 5(f(2))glx) di = / 5((x — 22) ' (@:))g(x) da 3)

f X |df/d:cz| @
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1.10.3 Theta Function

Consider the theta function 6(z — z’) which vanishes if z — 2’ is negative and equals 1
if © — 2’ is positive. Show that é(x — 2’') = d/dx 0(xz — a').

We can do this by observation,

d n_n s /
%G(x—x)—(), ifx#uw (1)

Which is the definition of the delta function.
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1.10.4 Normal Modes, Continuous Space

A string is displaced as follows at ¢t = 0:

2zh L
= — <zxr< —
Y0 = 22, 0<e< s
2h L
= (L - <<
7 (L —x), 5 Se< L
Show that
> mnx 8h ™
Y(x,t) = mz::lsm (T) cos(wmt) - <7r2m2> sin (7)
Let’s start by calculating,
2\ /2 L . /mnx
(| (0)) = <L> /0 sin ("™70) (2, 0) da (1)
2 1/2 L/2 9p, . /mTx L op . /mTx
= (L) [/0 S @sin (T) dx + /L/2 f(L —z)sin ( ) dx (2)

mmx
Integrating by parts, let’s look at the first term with u = z, v’ = sin ( 2 )7

oh [F? maa 2h | Lz mmxy |L/2 Bz mnx
7 ), oo (L) =T |ames (), ‘/0 —meos (Tp) A )
2h [ L?cos(mm/2) L> . /mnm
L [ 2mm * g S (2)] )
We can do the same thing to the second term,
L 2
2h mmnx 2hL 2hL mm L mm
2L — pysin (222 gp = 222 ke PPy L 2 gin (22
/L/2 7 (L—1x) sm( 7 ) x o cos(mm) + e cos( ) ) + - sm( 5 ) (5)
Substituting this into (1.10.59),
0 1/2
2
Y(x,t) = (L) sin ( ) cos(wmt) (m|y(0)) (6)
m=1
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Chapter 2

Review of Classical Mechanics

2.1 The Principle of Least Action and Lagrangian Mechanics

2.1.1 Lagrangian of the Harmonic Oscillator

Consider the following system, called a harmonic oscillator. The block has a mass
m and lies on a frictionless surface. The spring has a force constant k. Write the
Lagrangian and get the equations of motion.

Because we’re only working in one-dimension, the kinetic energy,

1
T= §mj;2 (1)
And the potential energy,
V = —ka? (2)
Thus the Lagrangian, & =T —V,
1 1

We can use (2.1.11) to get the equation of motion,

mi = —kzx 4)
&= —%x (5)

o1
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2.1.2 Lagrangian of the Coupled-Mass Problem

Do the same for the coupled-mass problem discussed at the end of Section 1.8. Com-
pare the equations of motion with Egs. (1.8.24) and (1.8.25).

Referencing fig. (1.5), the kinetic energy is what we would expect for two masses moving in
one dimension. For the potential energy, we need the spring potential from the wall to m; and the
spring potential from the wall to mqy as well as the spring between the two.

1
Ly 2 2
V= ik[xl + 25 4 (22 — 21)7]

1. . 1
Z = im(xf +43) — gk[x% + 23 + (22 — 21)7] (2)

The equations of motion,

md, = —2kx1 + kzo 3)
m.ifg = k‘fL‘l — 2k$2
Which is the same equation of motion we get from Newton’s laws (1.8.24),

. 2k k
rKy = ——T —+ — X9

m m

(4)
k 2k

Tog = —T1 — —T2
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2.1.3 Lagrangian, Polar Coordinates

53

A particle of mass m moves in three dimensions under a potential V(r,6,¢) = V(r).

Write its . and find the equations of motion.

We start with the Lagrangian we're most familiar with,
L o2, 2, .2
Z = im(x +y°+2%)—-V(r)
However, we have to convert the kinetic energy portion into polar coordinates,

x = rcos(d) sin(¢)
y = rsin(0) sin(¢)
z = rcos(o)

i32—|—92+22:7;2+T2<ﬁ2+7“29.25in2(¢)

Thus, the Lagrangian and associated equations of motion,
1 . .
£ = im(f2 +72¢% + 1207 sin?(¢)) — V(1)

V)

mit = mrg? + mr6? sin?(¢) — i

m¢ = mr262 sin(¢) cos(¢)
mh =0
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2.2 The Electromagnetic Lagrangian



2.3. THE TWO-BODY PROBLEM %)

2.3 The Two-Body Problem

2.3.1 Changing to Center of Mass Frame
Derive Eq.(2.3.6) from (2.3.5) by changing variables.

We want to go from

1 - 1 . . S
g = §m1|7"1‘2 + §m2|7“2|2 — V(rl —7“2)
to
L = L (o)l 4 5 iV ()
= —-(m ma)|Tem - T —
2 ! 2 2m1+m2

Let’s insert (2.3.3) and (2.3.4) into (2.3.5),

2 2,2

1 ) 2MaTT e, m2r2 1 . 2mirrem mir
L= —my (72, + + 2 )er (7‘(2 — + -V (1
9t ( M my +ma (mq + ma)? 9 2 iy 4+ me (m1 + 77’L2)2 ™ @)

which when reduced, gives us (2.3.6).
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2.4 How Smart Is a Particle
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2.5 The Hamiltonian Formalism

2.5.1 Kinetic Energy
Show that if "= 73", > . T3;(¢)d:d;, where ¢’s are generalized velocities, ), pig; = 2T

We look at (2.5.1). Since we assume the potential is not dependant on ¢,

0¥ 0T
dq; O S

Di =

Let’s look at the derivative of T" according to ¢;,

aqt = Ti(q)di + Z T.i(q (2)

i

We then insert this,

Zpl% = Z a QZ ZTzs QZCIS + ZTS] QSj =2T (3)
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2.5.2 Trajectory of the Oscillator

Using the conservation of energy, show that the trajectories in phase space for the
oscillator are ellipses of the form (z/a)? + (p/b)? = 1, where a? = 2E/k and b? = 2mFE

The Hamiltonian is given by the total energy of the system,

1 1
H =E = —mi? + ~ka? (1)
2 2
Then using (2.5.16) and (2.5.17),
1 pN\2 1 o 2%k p?
= — — — = — —_— 2
Qm(m) TR = T o, @)
2%k p?
95 " omB ®)

which gives us an ellipses with a? = 2E/k and b* = 2mE.
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2.5.3 Hamiltonian of the Coupled-Mass Problem
Solve Exercise 2.1.2 using the Hamiltonian formalism
We can write the total energy,
1 1
& = gm(dt +a3) + gh(z1 + 25 + (v2 —21)%) (1)
Because we want this in terms of momentum and position (p and ¢), we can use (2.5.16),
1 1
H = o= (0 +03) + SRl + 25+ (22— 21)°) (2)
m 2
We can easily see,
V2! .
e
m
(3)
P2 .
22— g
m
Let’s then use Hamilton’s canonical equations (2.5.12) to get the equations of motion,
07
o0
- = kl‘l — QkIQ = mi‘g (5)

8182
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2.5.4 Hamiltonian of the Center of Mass Problem

Show that 7 corresponding to . in Eq.(2.3.6) is 5 = |p.|?/2M +|p|? /214 V (F), where
M is the total mass, u is the reduced mass, p.,, and p are the momenta conjugate to
7.m and 7, respectively.

Equation (2.3.6),

1 - 1 mimy -
L == | = ———— |2 -V
3 1 ma) e+ 5=V (7)
Let’s use (2.5.8),
H =PI+ PemTem -7 (1)
We then use (2.5.1),
P @)
Pem = Mrcm
Inserting this and making the changes to the Lagrangian,
2 2 2 2
p pcm pcm p
=— - ——4V
H TP oM o (™) (3)
2 2
Pom P vy (4)
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2.6 The Electromagnetic Force in the Hamiltonian Scheme
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2.7 Cyclic Coordinates, Poisson Brackets, and Canonical

Transformations

2.7.1 Poisson Brackets

Show that... Note the similarity between the above and Egs.(1.5.10) and (1.5.11) for

commutators
{w7 )‘} = 7{)\,&]}
For all of these, let’s work over a single indices,
{ Ow 0N Ow OA
w = — 0 - —
’ dg Op  Op dq

Ow OX  Ow O
(55 a5 0

{w, A+ 0} ={w, A} + {w,0}

7%8()\—%0) 7(&)8(/\—#0)
{w,A+o} = 90 0p o 9

_ 0w (0A 0o\ 0w (OA O
~9¢ \9p Op) 0Op\dqg 0Oq
B Ow o\ Owd\N Owdo Owdo

“9q0p opoq oqop opog NN

{w, Ao} = {w, A\}o + Mw, o}

Ow o) Owdro) Ow (100 OX \ 0w ( 00 0OA
d¢ op op 0q og\'op op°) ap

dq Iq 7

Ow 0o  Ow Oo Ow I\ Ow O
(G5 e) + (G n ~ Bn) o = ndle 3



2.7. CYCLIC COORDINATES, POISSON BRACKETS, AND CANONICAL TRANSFORMATIONS63

2.7.2 Canonical Poisson Bracket Relations

Verify Eqgs.(2.7.4) and (2.7.5)

Start with {¢;,q;} = {pi,p;} =0,

dq; 0q;  0q; 0q; + dq; 0q;  0q; Oq;

i»dj5 = - o 1
{405} 0¢; Op;  Op; O  Oq; Op;  Op; Og; L
:1'0_0'61']""51']"0_0'1:0 (2)
Op; Op;  Op; Op; ~ Op; Op;  Op; Op;
s Py — - a9, 9, 3
{pisps} 0q; Op;  Op; Og;  0Oq; Op;  Opj Og; ®)
=0-6;;—1-040-1=5;;-0=0 (4)
Let’s look at {qi,pj} = (Sij,
Z (8% 9pj _ 94 apﬂ) (5)
—~ \9qr Opr. Ipi. I,
= 010k = 01 (6)
Show ¢; = {q;, #}. We can use (2.5.12),
04 0H D4, OH . -
oq; Op;  Op; 0q; "
3pi o 4 Bpi oX 4 . (8)

0q; Op; - Op; 0g; bi

Consider a problem in two dimensions given by 7 = p? —&—pf} + az? + by?. Argue that if
a="b, {l,, 7} must vanish. Verify by explicit computation.

For reference, [, or a rotation around the z-axis,
l: = pay — py (9)
If a = b, the Hamiltonian becomes,
2 2 2 2
H = py +p, +ar” +ay (10)
which is symmetric about the z-axis.

{l,,6} = —py  2py —y-2ax 4+ py - 2py — (—2) - 2ay =0 (11)
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2.7.3 Canonical Poisson Bracket Proofs

Fill in the missing steps leading to Eq. (2.7.18) starting from Eq. (2.7.14).

We start with (2.7.14),

C— E _ 1
@ p (8%‘ Op; Op; 0g; ()

We can then follow the text and jump to (2.7.16),
0
*Z — {QJan}+ {QJapk} (2)
We compare this to (2.7.10), which implies,
e (3)
@, Pk} = 0j

Similarly, if we compare (2.7.17) to (2.7.10),

—%—Z(%ﬁ_g{py,qkwrg_ {pﬂ)k}) (4)

which implies,

{{pjan}:_ ik (5)

{pj,pr} =0
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2.7.4 Canonical Transformation Example

Verify that the change to a rotated frame
T = x cos(f) — ysin(0)
g = xsin(f) + y cos(h)

Py = Pa cos(8) — py, sin(0)

Dy = Py sin(0) + py cos(0)

is a canonical transformation.

{z,9} =0 (1)

{Pespy} =0 (2)

{,9:} = cos?(0) +sin’(0) = 3)
(5.5} = sin?(6) + cos?(6) = (1)
{Z,py} = cos(#) sin(#) — sin(f) cos(f) = 0 (5)
(5,72} = sin(0) cos(0) — cos(0) sin(6) = 0 (©)
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2.7.5 Canonical Transformation Example

Show that the polar variables p = (22 + y?)'/2, ¢ = tan~'(y/z)

s = TPz + YDy _ _ (_l
Pp =¢6p P—W7 Py = Tpy — Ypa(=12)

are canonical. (é, is the unit vector in the radial direction.)

Since there are no momentum terms,

(96} =0 ()
{pppst =0 o)
(6.0} = 5 =1 ()

{p,ps} ={¢:pp} =0 (5)
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2.7.6 Canonical Transformation Example

Verify that the change from the variables 7, 75, p1, P2 tO Tems Pems Ts P 1S a canonical
transformation. (See Exercise 2.5.4)

For reference, removing arrows because I don’t want to type them out,

r=r —r p= mimsa (T _ TQ) _ mop1 — M1p2 (1)
1— T2, prrar—_ T —
mir1 + meors .
Tem = ——————————5 DPem = (mfl + m2>rcm, =p1+Dp2 (2)

mi + me

Because they don’t have any momentum (or position terms),

{r,rem} =0 (3)
{P,Pcm} =0 (4)
mi + mo

) L | 5
(rp} = )
{rpem}=1-1=0 (6)

my mo ma —my
ms = + =0 7
{TC p} mi + mo my1 + Mmeo mi + mo mq + Mo ()

mi +m

{Tcmapcm} =2 2 1 (8)

mi + mo
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2.7.7 Canonical Transformation Example
Verify that

-1

q=In(g" " sin(p))

P = qcot(p)

is a canonical transformation

Because we only have one set of variables, we already know {g, g} = {p,p} = 0, so we only need
to show,

(g} = =) W
s2(p)
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2.7.8 Canonical Transformation Momentum

We would like to derive here Eq.(2.7.9), which gives the transformation of the momenta
under a coordinate transformation in configuration space:

¢ = Gi(qis s Gn)

Argue that if we invert the above equation to get ¢ = ¢(7), we can derive the following
counterpart of Eq. (2.7.7):

We start by looking at Eq.(2.7.7),

Show from the above that

<aqz'> _ 0q;
(9qu g 8%

Inserting ¢;,

= - A= —q; 3
(3%‘ a9 Zj: ag; )
Taking the derivative is fairly straightforward,

=y ()

0q;
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Now calculate

q

q

9; B {Mq’q)}

9q;

Use the chain rule and the fact that ¢ = ¢(7) and not ¢(g, §) to derive Eq.(2.7.9).

Using the chain rule,
__0Z(q,q _ 9Z 94

P T80 9q 9d, )
Now using the result from (2),
0% 0q
" 90 o )
And (2.5.1),
_ 04 _ 9g;\
gt =3 (52 ), (7)

J
Verify, by calculating the PB in Eq. (2.7.18), that the point transformation is canonical
9q0p 9q0p _ 9q0q

s 949p 0q9p _0490q



2.7. CYCLIC COORDINATES, POISSON BRACKETS, AND CANONICAL TRANSFORMATIONST1

2.7.9 Invariant Poisson Bracket

Verify Eq.(2.7.19) by direct computation. Use the chain rule to go from ¢, p derivatives
to ¢, p derivatives. Collect terms that represent PB of the latter.

We want to show,

{w, U}%P ={w, U}M
We start by writing out the left side,

(w, 0} _Owdo  Owdo
Taer = 9q0p  op 0q

Using the chain rule,

_Ow00040p w00 IpOT _ v gy @)
T B70pdqdp  Opdgopag  \oier P

which using (2.7.18), gives us what we want,

={w,0}7p (3)
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2.8 Symmetries and their Consequences

2.8.1 Infinitesimal Translation

Show that p = p; +p2, the total momentum, is the generator of infinitesimal translations
for a two-particle systems.

Looking at (2.8.3), let’s insert p as the generator,

:E:x—ke;i:m—ke (1)
Op

y=y+e—=y+e 2

y=yteg, =y (2)

o dp

Px—Px—G%—px (3)

_ Jp
py:py—e@:py (4)
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2.8.2 Infinitesimal Transformation and Canonical Transformation

Verify that the infinitesimal transformation generated by any dynamical variable g is
a canonical transformation. (Hint: Work, as usual, to first order in ¢)

Let’s insert (2.8.3) into (2.7.18),

o dq  d*g\ (Op D% dq  0%g\ (Op D%
=| = - - [ = +e=2Z)[=-e=—2) =1 1
ta.p} <3q + Eap8q> (319 “Opq Jp +632p 0q  “o¢ S
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2.8.3 Non-canonical Transformation

Consider

2, .2
+ 1
= pmzmpy + §mw2 (z% 4+ y?)

whose invariance under the rotation of the coordinates and momenta leads to the
conservation of [,. But /7 is also invariant under the rotation of just the coordinates.
Verify that this is a noncanonical transformation. Convince yourself that in this case it
is not possible to write §.97 as e{J7, g} for any g, i.e., that no conservation law follows.

Under rotation of just the coordinates,

{

Let’s now look at how they behave with Poisson Brackets,
{Z, Pz} = cos(0) (3)
{9,py} = cos(6)
{Z,py} = —sin(h)
{9, D2} = sin(0) (6)

Which do not follow the canonical transformation rules. Because of this, {g, #¢} is also not
conserved.

I
Il

cos(f) — ysin(0)
sin() + y cos(0)

{ﬁm = Pz (2)

Dy = Dy

xT
xT

<
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2.8.4 Generator of Infinitesimal Rotation in Phase Space

Consider 7 = 1/2p? + 1/2?%, which is invariant under infinitesimal rotations in phase
space(the = — p plane). Find the generator of this transformation(after verifying that
is is canonical). (You could have guessed the answer based on Exercise 2.5.2).

Here, our transformation in phase space looks like,

{x:x—Fep (1)

PD=p—e€x

To find the generator, we want something that satisfies,

99 _
op b
(2)
% _,
or
The solution to this is,

1

9= 50" +2?) 3)

We can easily convince ourselves that {g, 7} = 0.
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2.8.5 Noncanonical Transformation

Why is it that a noncanonical transformation that leaves /7 invariant does not map
a solution into another? Or, in view of the discussions on consequence 11, why is it
that an experiment and its transformed version do not give the same result when the
transformation that leaves .7 invariant is not canonical? It is best to consider an
example. Consider the potential given in Exercise 2.8.3. Suppose I release a particle
at (x = a,y = 0) with (p, = b,p, = 0) and you release one in the transformed state in
which (z = 0,y = a) and (p, = b,p, = 0), i.e., you rotate the coordinates but not the
momenta. This is a noncanonical transformation that leaves % invariant. Convince
yourself that at later times the states of the two particles are not related by the same
transformation. Try to understand what goes wrong in the general case.

In the transformed case,
{ZL‘ =z cos() — ysin(h) 1)

g = xsin(f) — x cos(d)

If we then look at how these equations evolve in time,

¥ = mw?x
{ (2)

j =mw’y
7 = mw?(x cos(f) — ysin(h))
{y = mw?(x sin() + y cos(9)) ®)

I think this question is asking why we care about canonical transformations. Canonical trans-
formations tell us the equations of motion don’t care about how coordinates are defined in space.
In this example, because the transformation is not canonical, the starting position does matter,
which means that even though the Hamiltonian looks the same, it acts differently on the two cases.
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2.8.6 Action of the Classical Path
Show that 9S./0x; = p(ty).

7

We start by multiplying by unity,

95401y _ 054 01y
3xf (9tf o 3tf 3{Ef

Then using (2.8.18),
Oty
=—H(t;)—
( f)axf
Using (2.5.12),

= p(wy)0ty = p(ty)
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2.8.7 Harmonic Oscillator, Classical Path

Consider the harmonic oscillator, for which the general solution is
z(t) = Acos(wt) + Bsin(wt)

Express the energy in terms of A and B and note that it does not depend on time.
Now choose A and B such that z(0) = z; and z(T) = 2. Write down the energy in
terms of x,, 2, and 7. Show that the action for the trajectory connecting x; and x5 is

mw

Scl(5317332aT) = W

[(23 + 23) cos(wT) — 2z12]

Verify that 90S.,/0T = —F

We know the energy of the harmonic oscillator is,

1 1
E = -—mi* + —kaz?, k=muw? (1)
2 2
Inserting x(¢) into this,
Jo %WQ(AQ +B?) )
Att=0,
z(0)=A=un (3)
At t=T,
x(T) = Acos(wT) + Bsin(wT') = xo (4)
g2 cos(wT) 5)
sin(wT")
IRy x9 — 21 cos(wT)
E= 5 <x1 + ( sin(T) (6)

To find the action of the classical path, we need the Lagrangian,
1
Z = §mw2[A2 (sin?(wt) — cos®(wt)) + B%(cos®(wt) — sin®(wt)) — 4ABsin(wt) cos(wt)]  (7)

We want to rewrite this in terms of cos(2wt) for easier integration,

1
= §mw2[—A2 cos(2wt) + B? cos(2wt) — 4AB sin(wt) cos(wt)] (8)
Integrating, we get the solution we want,
T
mw
/0 ¥ = m[(m% + 22) cos(wT) — 2z 2] (9)
Of we take the derivative according to T,
0Sq  mw? <x% + 22 — 27129 cos(wT))

or 2 sin?(wT')

which simplifies to our expression for the total energy.
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4.2 Discussion of Postulates I-111

4.2.1 Angular Momentum Operator Example

Consider the following operators on a Hilbert space V3(C):
1 0 = 0

1
Ly = 91/2

0 1
0 1 21

o = O

What are the possible values one can obtain if L, is measured?
According to Postulate III, if we make a measurement of L, we expect to get one of the eigenvalues.
Solving the eigenvalue problem for L, gives, w = —1,0,1.

Take the state in which L, = 1. In this state what are (L,), (L), and AL,?

According to (4.2.6),
(Ly) = (Ly = 1|Lg| L, = 1) (1)

The first thing we should do is find the eigenvector corresponding to w = 1,

1
L. =1) =¢) = |0 (2)
0
Inserting,
1 0 1 0] 1
<Lx>:21/2 [1 0 0|1 0 1|]0l=0 (3)
0 1 of |0
1 1 0 1][1 )
<L§,>=§[1 0 00 2 of |0 =5 (4)
1 0 1] 10

The standard deviation is given by (4.2.7),

ALy = (L — (L))"?

However, since we know that (L,) = 0, this simplifies to,

1/2 1
= = o (6)
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Find the normalized eigenstates and the eigenvalues of L, in the L, basis.

We can assume (or easily show) the eigenvectors of L, are the usual suspects,

1 0 0
|IL,=1)=|0|; |L.=0)=|1|; |L.=-1)= |0 (7)
0 0 1
The eigenvalues of L,, A = —1,0,1. The corresponding eigenstates,
1 —1/v2 1 1 1 1/v/2
|L,=—-1)= — 1 i |Le=0)=—4=1]01|; |Lp=1)=— 1 (8)
V2 —1/Vv2 V2 V2|4 /2
If the particle is in the state with L, = —1, and L, is measured, what are the possible

outcomes and their probabilities

We know from Postulate III, a measurement of L, will give us an eigenvalue of L,. (4.2.2) gives us
the probability for landing in that state,

2 _ 1

P(Lz = 71) = | <Lr = 71|Lz = 1> | (9)

== Do =

P(L, =1) = [{L, = 1|L, = 1) |2 = (11)

As a quick check, we can see that the probabilities add up to unity. When we make a measure-
ment, we get something out.

Consider the state

1/2

)= | 1/2
1/21/2

in the L, basis. If L? is measured in this state and a result +1 is obtained, what
is the state after the measurement? How probable was this result? If L, is measured
immediately afterwards, what are the outcomes and respective probabilities?

Let’s apply the L? measurement and see what happens,

1 0 0] 1/2 . 1/2
L2y)y=10 0 0 1/2 |=———1| 0 12
2 ) oo 1/2/1/2 ODEE 12 (12)
The probability going from [¢)) to L? |¢),
12 1
1 3
| (WIL2|y) |* = W[lﬂ 0 1/v2] | 1/2 i (13)

1/21/2
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If L, is measured immediately after, we would normally be locked in the L? = 1 state. However,
because of the squared, we can get L, = £1. We know the resulting states, so the probability of
landing in those states,

2

P(L ! 1(/)2 .
=1 =—=|[1 00 =z 14
( ) 3/4[ ] e 3 (14)
P(L L 1 1(/)2 i
(Le=-1)= 35 0 0 1] val| T3 (15)

If we wanted to, we could also check L, = 0 and show that the probability of landing in that
state is 0.

A particle is in a state for which the probabilities are P(L, =1) =1/4, P(L, =0) =1/2,
and P(L, = —1) = 1/4. Convince yourself that the most general, normalized state with
this property is

n exp(ids)

L,=-1
) )

It was stated earlier on that if |¢)) is a normalized state then the state exp(if) |¢)
is a physically equivalent normalized state. Does this mean that the factors exp(id;)
multiplying the L, eigenstates are irrelevant? [Calculate for example P(L, = 0)]

Measuring each of the probabilities using (4.2.2), for example,

P(L,=1)=[(L. = 1|¢) |? (16)

And continuing for the other states, we see that the simplest state is,

1
W) =5 ILe = 1)+ —= |Le = 0)+ 5 L. = —1) (17)

We can then multiply by a phase factor, exp(id;) to get the generalized state.

However, the factors multiplying the L, eigenstates are relevant since we can change the state
based on our choice of §;. For example, if we chose §; = 7, 3 =0, 03 = 7, we get |¢) = |L, = —1)
and if we chose §; = §3 = d5 = 0, we get |¢)) = |L, = 1). This is because,

exp(if) # exp(idy) + exp(idz) + exp(ids) (18)

This only holds if the relative phase difference is kept the same.
As a concrete example, if we calculate,

P(Le = 0) = | {Le = 010) > = 5 (exp(id:) — exp(ids) (19)
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4.2.2 Momentum of a Real Wave Function

Show that for a real wave function ¢(z), the expectation value of momentum (P) = 0.
(Hint: Show that the probabilities for the momenta +p are equal.) Generalize this
result to the case ¢y = )., where v, is real and ¢ an arbitrary (real or complex)
constant. (Recall that |¢) and « i) are physically equivalent.)

From (4.2.6), we get the expectation value. Because our wave function is continuous, we must

work in integrals,
o0

(P) = (| P|) = / (W) (2| Pl) da (1)

— 00

_ /_ o; V(@) (_m;i) W(x) do (2)

Since we are working with a real wave function, ¥*(z) = (),

o d

— _ih [ ¢(a;)—1flf) dz (3)

We then notice 02(z) 26 (2)

x x
) () @

Inserting this into
N dyp? () _ih ©

P =-3 [ = -Gve|” =0 (5)

Which goes to zero since we expect the wave function to have a finite integral, which implies
that it goes to zero as x goes to infinity.
If we instead have ¢ = ci),., our expectation value,

()= wlple) = [ v (=i ) evto) da )

= —ihc? /_00 w(x)idqg;x) dx (7)

We can convince ourselves that this is the same as just with a multiplicative constant.
Since the integral is the same and that went to 0, this integral should also go to 0.
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4.2.3 Shifted Momentum

Show that if ¢(z) has mean momentum (P), exp(ipoz/h)1(x) has mean momentum (P)+
Po-

From (4.2.6) and the previous question, we know the mean momentum of 1 (x),

o d
P = lplo) = =i [ @ ao (1)
Let’s look at the expectation value of the shifted momentum of ¢ = exp(ipoz/h)Y(x),
o0 . d .
@i = [~ oo (=Y wr ) [=ing (e () vie) )| o 2

- —ih/z exp (—ip;,zz> Y*(z) [ZI;LO exp (ip;,zz> Y(z) + exp <w;_;x) dﬁf)} dz (3)

We can then split this into two integrals and kill the exponential,

- —mi’% /_ Z V" (@) (x) dz — ih /_ O; w*(x)%f) do (1)

The first integral goes to unity since the wave function is normalized, and we know the result

of the second integral,
=po + (P) (5)



4.3. THE SCHRODINGER EQUATION 87

4.3 The Schrodinger Equation (Dotting Your i’s and Cross-
ing Your 7’s)
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